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Abstract 

In this paper we extend our previous work regarding the role of the Fourier transfor- 
mation in bulk to boundary mappings to include the BTZ black hole. We follow standard 
procedures for modifying Fourier Transformations to accommodate quotient spaces and 
arrive at a bulk to boundary mapping in a black hole background. We show that this 
mapping is consistent with known results and lends a new insight into the AdS/CFT 
duality. We find that the micro-states corresponding to the entropy of a bulk scalar field 
are the Fourier coefficients on the boundary, which transform under the principal series 
representation of SL(2,R). Building upon this we present a toy model to analyze the 
implications of this for the origin of black hole entropy. We find that the black hole 
micro-states live on the boundary and correspond to the possible emission modes of the 
black hole. 
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1 Introduction 



The BTZ black hole [T] is obtained by undertaking a coordinate transformation in AdS to the 
frame of an accelerated observer in order to generate the proper horizons, and then taking a 
quotient space of this coordinate system. There exists previous work [3], [1] in which AdS 
Green's functions have been modified by the equivalence relation in order to find the BTZ 
Green's functions; both of these papers make use of the method of images. They modify the 
Green's functions by inserting the equivalence relation defining the quotient space 0^0 + 2im 
into the AdS Green's functions and summing over the possible values of n. In their Green's 
function they retain both the boundary coordinate 0' and the bulk coordinate (p over which the 
desired modification needs to be made. 

In the case of the real number line it is well known how to modify a Fourier transformation 
when the transformation over a quotient space is desired. The simplest example is how to 
go from the Fourier transformation on a line to the transformation on a circle. In doing so 
one does not modify the linear coordinate. Instead the continuous Fourier parameter, k, is 
replaced by a discrete one, n, that imposes the equivalence relation on the linear coordinate. 
The substitution k — ► £ will make the points x and x + L equivalent. The lesson to be learned 
from this is that it is the Fourier parameter that needs to be modified to impose the desired 
equivalence relation on the original space. 

One can show in the case of the line that such a modification is equivalent to the method of 
images by writing a function in terms of a Green's function propagating a source and Fourier 
transforming this. The method of images can then be seen to project out integer values of k. 
The advantage of modifying the transformation is that quantization of the Fourier parameter 
becomes manifest. Because on AdS the boundary coordinates are the Fourier coordinates of 
the transformation, it is the boundary coordinates that need to be modified to exact the desired 
equivalence relation on the bulk coordinates. 

In [2] we showed how the boundary CFT naturally arises as the quantized version of a grav- 
itational theory in AdS by applying integral geometry techniques first developed by Gelfand, 
Graev, and Vilenkin. The result can be simply stated that the boundary CFT is the momentum 
space of AdS as defined by the Fourier transformation. This changes the interpretation of the 
duality because instead of dealing with boundary values of fields we are dealing with Fourier 
coefficients. This became apparent when conditions the boundary fields are required to satisfy 
for normalization purposes arose as the natural properties of the Fourier coefficients. This new 
interpretation of the duality in terms of Fourier transformations allows us to apply the existing 
machinery and intuition that already exists regarding Fourier transformations and the role they 
play in quantization to the duality. 

In this paper we use this approach to study BTZ black hole. By suitably modifying not 
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just the Green's functions but the entire transformation when going to the quotient space we 
show that the Fourier interpretation is consistent with known results (see [5], [6]) and resolves 
the problem of divergences at the singularity posed in [6]. The modified Fourier transformation 
then tells us exactly which CFT states correspond to the quantum states of a scalar field around 
a BTZ black hole. 

We see that the micro-states contributing to the entropy of a scalar bulk field are the 
Fourier coefficients that live on the boundary. Because of the way in which scalar fields interact 
with black holes, either by falling into them or stimulating emission from them in the case of 
superradiance, black holes must be able to create or annihilate states of a scalar field in the 
CFT-states represented by the Fourier coefficients. We therefore propose that the micro-states 
contributing to black hole entropy are operators that can act on boundary states, such as a 
gauge background in the CFT, and that these are the states contributing to black hole entropy. 
We also find in agreement with [7j, that the correspondence should be proposed in terms of 
principal series representations instead of highest weight representations □. 

The organization of the paper is as follows: first we review the Fourier Transformation on 
AdS, then we modify it to obtain the Fourier Transformation of the quotient space that is the 
BTZ black hole. We then use the Green's functions (Fourier weights) to calculate the smearing 
functions that are used to map bulk states to boundary operators and analyze what this means 
for both bulk and boundary states. Finally we speculate on the implication for black hole 
entropy and close with some concluding remarks. 



2 Review of the Fourier Transformation 

The Fourier transformation on AdS 3 with Euclidean signature is 

(-~\Y ra+ioo T(l7-\-2) f 

2 2+1 (7r) 1+ 2r(l + i)i7 -ioo r <» Js z 

where £ denote points on the boundary and x denotes points on the hyperboloid. a = ip + a 
where p is continuous and a can be chosen such that the integral converges. Here we take 
boundary to mean the points on the cone that are infinitely far from the hyperboloid in the 
embedding space. £ lies on any contour intersecting all of the generators of the cone once. 
For now we take it to lie on the intersection of the cone and an arbitrary plane such that the 
intersection is a circle of finite radius. We can always take the radius to infinity to allow the 
contour to coincide what is usually meant by the boundary of AdS, but keeping the radius 
finite makes dealing with the representations a bit easier. 



1 Although [7j refers to the dS/CFT correspondence this result is relevant because dS and euclidean AdS 
have the same group of isometries. 
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Since $(cr, £) is denned on a sphere, one can expand it in terms of ultra-spherical harmonics. 

<&(a,0 = Z>*(*)Sir(0 (2) 
if 

where X is a compact notation meaning all of the eigenvalues, e.g. K = (I,m 1 ,m2...). We can 
expand $(cr, £) in terms of spherical harmonics and the Fourier transformation then reads: 

fix) = V r +l0 °da x T (° + 2 K K (a) [ Z K (n[x,Z]- a - 2 dt; (3) 

By changing the order of integration we can do the a integral. The result is 

/(*) = ^ x F w^ 2) y / a K (A)E K (0[x, (4) 

Where ok-(A)!E.k-(£) is what is usually referred to as </> . 

Here it is helpful remind the reader of results from our previous work. This looks like the 
construction of a bulk field in terms of boundary values of a field propagated into the bulk 
via the Green's function. The insight the Fourier analysis adds is that one is not propagating 
the boundary value of a field into the bulk but is rather constructing the bulk field out of a 
weighted sum of Fourier coefficients that live only the boundary. It is these coefficients that, 
when quantized, get promoted to operator status and create states in the boundary CFT. In 
light of this we see that to properly obtain the CFT states corresponding to the BTZ black 
hole we need to modify the entire transformation. The Green's function, which is really the 
Fourier weight, tells us how to modify the Fourier coordinates in the transformation (which are 
the boundary coordinates) in order to obtain the transformation on the quotient space. 

3 Modification of the transformation 

To modify the transformation we start with the Fourier weight, which goes as [x, £], because 
this is the only spot that coordinates that lie on the hyperboloid appear in the transformation. 
To do this we use the original BTZ coordinates in Lorentzian signature and work only in the 
region outside both event horizons. The reader can check that any modification will be the 
same in all regions. These coordinates are: 

u = y/A(r) cosh c/)(t, 4>) (5) 
x = -\/~Mr) sinh <f>(t, <fi) 

y = y/B{r)cosht(t,(l)) 

v = y/B(r) sinh t(t,<f>) 

(6) 
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where 

A(r) = n r ^T] B{r) = n^r^\ t = )Cf - r.ij,) = i(-^ + r + 0)- (7) 

and the equivalence relation defining the quotient space is — ¥ 4> + 2irn. We denote boundary 
coordinates by a ', and note they live on the cone. Substituting these into the weight [x, £] and 
simplifying yields the following 



[x, £] = i 2 ( x l { r2 \^C + rl) ™M\{<P - 0'K - (t - t')r-) - (8) 




-r 



2 + r 2 )(-r' 2 + rl) 1 



cosh(-(0-0>_-(t-i')r + )). 



( r 2_ r 2_) 2 V 

In writing this down we note that r' is really r b , the section of the hyperboloid coinciding 
with the infinite radius contour on the boundary cone. We take it to be this for ease, but keep 
in mind that any contour on the cone will do. Because this location introduces infinities, we 
leave r& as r' for the time being. 

The important thing to take away from this discussion is that we can now see how to modify 
the Fourier coefficient to impose the desired equivalence relation on 0. Recall one takes the 
quotient space to pass to the black hole background by making the coordinate periodic, 
— > + 2mr. The way to impose the equivalence relation is by modifying the boundary 
coordinate 0'. But because the Green's function goes as cosh, which has period of 2% in, we 
must analytically continue and 4>' before we can make the Green's function periodic in cf>. 
To do so we need to impose restrictions on (/)', which entails restricting it to 2nn. Similarly 
one could view this as restricting the bulk coordinate to values of 2% in. In either case the <fi' 
integral needs to be replaced by a sum in the Fourier transformation, but first we must figure 
out how to write down the boundary coordinates in the transformation. 

To see that that r' — oo lies on the cone we need to look at the definition of the BTZ surface 
in the embedding space. The BTZ black hole is a particular parametrization of the hyperboloid 
[x, x] = I 2 . 

[x, x] = A{r) cosh 2 <j>(t, <p) - A(r) sinh 2 0(t, 0) + B(r) cosh 2 t(t, <p) - A{r) sinh 2 t(t, <p) = I 2 (9) 
Factoring out either coefficient, A(r) for example, yields the following: 

[x, x] = cosh 2 4>(t, 4>) - sinh 2 4>) + |t| cosh 2 t(t, 0) - ^ sinh 2 t(t, 0) = (10) 
We can make use of the following two limits 




lim y/A(r') = oo (11) 
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(-B(r') could be used in the latter limit) to see that the quadratic surface becomes 

[x, x] = cosh 2 <j>(t, <p) - sinh 2 <p) - cosh 2 t(t, 0) + sinh 2 t(t, <p) = (12) 

which defines the conic surface [£, £] = 0. We can now drop the r b altogether and use the 
following coordinates to define the cone that is the Fourier space of the BTZ black hole : 

v! = cosh <j>(t, <p) (13) 
x' = sinh <f>(t, <fi) 
y' = cosh£(£, cf)) 
v' = sinht(t, 0). 

(14) 

It is these coordinates that we will use in the Fourier transformation for the boundary points. 
The integration over the boundary now only needs to be taken over t and <j) and the limits on 
these coordinates are inherited from those on the hyperboloid. 

The convention in modifying the one dimensional Fourier transformation is to divide by 
the periodicity length, change the integral to a sum, and replace the continuous coefficient 
and differential by a discrete parameter. Applying the same logic here, one finds the modified 
Fourier transformation describing a scalar field in a BTZ background is: 

fix) = Y r +l °° da x F( ^ + , 2) / $(a,t,2nm))[x,£\- ff - 2 dt (15) 

n) 22+i( 7 r) 1 +!r(i + 1)^2^7™ r(or) J r y m ,qi y ' 

The integral is only over the t' variable now as taking the quotient space resulted in the 
quantization of <fi'. To keep the notation neat we do not write out x and £ explicitly in terms of 
coordinates although it is understood when one wants to evaluate the integral they need to pick 
a coordinate system. Writing the transformation like this allows us to use the same expansion 
in all three regions around the black hole: inside the inner horizon, between the two horizons, 
and outside the outer horizon. One can check that in all three regions the modification of the 
transformation is identical. The only difference in the expansion in the three regions is that 
one must plug in different expressions for the bulk coordinates to express the bulk function 
in each region. The differences in the bulk coordinates in the different regions just entails the 
placements of minus signs in the radial portion of the coordinate expression. 

An interesting feature arising out of this formalism is that the boundary coordinates do 
not change for each region. It seems that all three regions are mapped to the same support 
on the boundary. This implies that although fields on either side of the horizon are causally 
disconnected in AdS, in the boundary theory there is nothing to stop them from talking to 
one another. A subject of future work entails analyzing whether or not this feature allows 
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information to leak out of the horizon via CFT states. The probable origin for such a mechanism 
is that fields inside and outside the outer horizon are mapped to the same region on the 
boundary. From there the fields originating inside the horizon could leak into the outer region 
from the boundary in two possible ways: either directly since it takes a finite amount of time 
to move from the boundary to the interior or through interaction with fields originating outside 
the horizon; a possible mode of interaction is the thermal bath the CFT is in. In any case the 
door is opened for information to leak out of the horizon via the boundary theory. 

Our last comment about the Fourier modification is that we leave the a integral to keep the 
equation as general as possible. In order to evaluate the a integral one has to pick a contour 
on the boundary to integrate over. The geometry of the contour determines the representation 
used to functionally expand $(er, t, 2irin) and consequently the quantum numbers that describe 
the CFT states. If we take the infinite radius limit of the original BTZ coordinates to define 
the boundary contour we see that the metric has two independent subgroups, one that only 
depends on t and one on 0, respectively. We can can then use separation of variables on 
$(<7, t, 2 r K%n) to write it as $(cr, t, 27rm) = J2k a k(&)gK{t)hK{2nin) and get the usual result 
that a BTZ black hole corresponds to two different copies of the CFT. Any boundary contour 
will in general suffice and in the case of a different contour the resulting CFT states will look 
different depending on the representation chosen to expand $(cr, t, 2irin). 



4 Smearing Functions 

In our previous work we claimed the interpretation of the duality in terms Green's functions 
and the boundary value of a field (fio should perhaps be viewed as the relationship between 
a bulk function and its Fourier dual which has compact support on the boundary, with the 
Green's functions being the weights. The relationship between the bulk field and the boundary 
operator is defined in terms of smearing functions which can be calculated from the Green's 
functions by taking the normal derivative. The Green's functions with the weight a can be 
read off of equation [TH and in the outer region goes as: 




^ — -^lcosh(0(t,<P) -4>>(t',2nin)) - W(/ 2 ^ — -^l cosh(t(£, 0) - t{tf, 2nin)))- a - 2 . 
[rt — r\) y [r_ — r\) 

(16) 

To get the smearing functions we need to take the radial derivative of the bulk function of this. 
Only the term under the square root gets differentiated and this is: 

-.-2 _ 1 dA{r)=^ _ 1 f r (_ 2 -q) r 2 -r 2 «, 

r {r) 2 ~-M+?+& dr ~ -M + f + i ^(-r 2 + r 2 ) ( 1 -rl + r\ ] 

(17) 
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The only difference for the B(r) terms is the replacement of r_ by r + in the numerator of the 
final factor. It taking limits it is helpful at this point to recall that J and M arise as integrals 
of motion and can be expressed as follows: 

M = j(r 2 + + r 2 _) , |J| = ^r+r_. (18) 

We can explore the smearing functions as we approach the two horizons and find that it blows 
up at each horizon. Interestingly it is regular and vanishes at the singularity. This is consistent 
with option two presented in [6] in regards to how to sensibly modify the smearing functions 
at finite N. Unlike the example presented there no regularization scheme is needed to remove 
the divergence at the singularity. Because the smearing functions are raised to the complex a, 
they have an oscillating part and an exponential part, consistent with known results regarding 
quasi-normal modes. 

5 Black Hole Entropy 

One of the great triumphs of the AdS/CFT is its success in calculating the entropy of the 
BTZ black hole in the CFT (see [8] for a review). The calculation makes use of the Cardy 
formula which yields the density of states in a CFT. The formula, however, depends on general 
properties of the CFT and not on the particulars of the individual states contributing to the 
entropy. This leaves open the following questions: where do black hole micro-states lie and 
what exactly are those micro-states. There are numerous answers to the latter question and 
the former is split between either the horizon or the boundary of the space (see [9] for a review 
of both these questions). Here we make an attempt to answer both these questions in light of 
the Fourier interpretation of the AdS/CFT. 

The Fourier interpretation replaces the boundary values of fields appearing in the duality 
with the Fourier coefficients. This change allows us to determine explicitly the CFT operators 
as well as the the states they create exactly. It is these boundary states that compromise the 
micro-states of a bulk scalar field and contribute to its entropy. By modifying the Fourier 
transformation on AdS we can exactly produce the CFT states corresponding to a scalar field 
in a black hole background. Again, these are the states that contribute to the field's entropy, 
and again we see that they are states that live on the boundary. By coupling this knowledge 
with the knowledge of how black holes interact with a scalar field in the bulk theory we can 
hope to deduce information about black holes in the CFT. 

Because black holes can interact with scalar fields, and the micro-states of a scalar field 
are represented as boundary states, we can conclude that the micro-states corresponding to a 
black hole must be states on the boundary. Because the CFT is defined on the boundary in the 
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Fourier interpretation, it is reasonable to assume any representation of black hole micro-states 
must only have support on the boundary. Now that we determined where the micro-states are 
we need to ask what they are. As stated earlier, there are a number of answers to this question. 
Therefore to offer up an intuitive answer we feel we should ask the question, what must these 
micro-states do? 

To answer this question we look at how scalar fields interact with black holes in the bulk. 
We know that a scalar field can fall into a black hole, therefore the black hole representation 
must be able to annihilate states of the scalar field. We also know the black hole can emit a 
scalar field, as is the case in super-radiance and Hawking emission, so they must be able to 
create states of the scalar field as well. Since any particle can fall in, and Hawking emission 
is thermal, it seems natural to suggest that rather than acting on states of a single scalar 
field black holes instead act on a continuous (since any mode is allowed) Fock space of states. 
They should be represented in the CFT as creation/annihilation operators that raise or lower 
the number of particles in a given mode(s) of the Fock space. To better understand how to 
represent them then we need to construct the Fock space. 

The Fourier transformation tells us how to represent states of a scalar field in the CFT: 
they are irreducible representations of the continuous principle series of SL(2,R). Fock spaces 
of such states have been studied in the context of string theory, see [TP] , [TT] and [12] for 
example, and we can adapt their results to our purposes. The Fock spaces are constructed 
from oscillators in [11] as follows: 



where ai,b m ,c n are integers and each state \p~,p + ,s > is a representation of the principal 
series of SL(2, R), exactly the $(cr; x) that appear in the transform. Comparing our notation 
to theirs, we see that sq corresponds to our p. The basis appearing in [12] replaces p with p 2 , 



a = a + ip and corresponds to the energy of the representation. The p's are the momenta 
of the string coordinates (that live in AdS) which we interpret as boundary coordinates. The 
correspondence between the Fock space of string states and our CFT states is thus established. 
Taking the quotient space to pass to the black hole geometry results in the quantization and 
analytic continuation of one the boundary coordinates (momenta). We can now speculate on 
what kind of objects will fit our requirements for representing black holes in the CFT. 

We can talk about black hole entropy whether or not a scalar field is present, so a black 
hole should be represented by its own field. Because it can create/annihilate states of the scalar 
field, however, whatever field represents a black hole should be able to be written in terms of 



oo oo oo 



(19) 



1=1 m=l n=l 
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operators that act on the scalar Fock space. The Virasoro generators can do exactly this. Using 
results from [TTJ, we see that we can write the total generators as: 




(20) 



where 



— m 



a 




(21) 



m 




■ +ins n + ~6 n ,o) 



in 



It is natural then to suggest then operators representing black holes in the CFT can be 
represented as Virasoro Generators written in this fashion, with the Virasoro generators repre- 
senting a gauge field. The relationship between 2 + 1 dimensional gravity and gauge theories 
is well known. Since the generators act on the vacuum to create/annihilate states, it is rea- 
sonable to suggest that the micro-states contributing to black hole entropy are the possible 
external field states they can emit into. Perhaps the true representation of a black hole will be 
a weighted sum (e.g. a thermal distribution) of Virasoro generators peaked around the black 
hole temperature. Finding such a composite operator in terms of the representations proposed 
here is a subject of future work, as is understanding a stringy description of this set-up since 
the Fock space does after all also describe string states. 

Our proposal for the location of black hole entropy is reminiscent of the usual black body 
radiation case where the states contributing to the entropy are states of the thermal photon 
gas: the states the black body is emitting into. This reinforces and perhaps explains why the 
attempt to model the black hole as a non-interacting gas of scalar quasi-particles in the CFT 
in [13] was successful: according to the Fourier interpretation, this is the natural description. 

6 Conclusions 

We start with the assumptions that the Fourier Transformation on AdS defines the dual CFT 
and AdS black holes can be found by taking quotient spaces of AdS. We then modify the 
Fourier Transformation on AdS in a manner consistent with these assumptions to find the 
transformation in a black hole background. From this we read off the Green's functions which 
we use to calculate the smearing functions. We find that they diverge at the two horizons and 
are regular at the singularity. We also find that all three regions are mapped to the same support 
on the boundary, potentially paving the way for states inside the horizon to communicate with 
those outside the horizon via the boundary. Our results are consistent with the literature on 
the subject and resolve the issue of regularity at the singularity. 
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The modification also yields the exact CFT micro-states of a bulk scalar field that contribute 
to its entropy. They are states transforming under a modification of the principal series repre- 
sentation of SL(2,R), with one boundary coordinate (momenta) being analytically continued 
and quantized. We then borrow results from string theory to construct a Fock space of such 
states. 

We couple the knowledge of how black holes interact with a scalar field in the bulk theory 
with the new knowledge of the exact states of the external field to deduce how to represent 
a black hole in the CFT. We do so by asking what a representation of the black hole must 
do to the micro-states of the scalar field in the CFT. We deduce that black holes should be 
represented by the Virasoro generators written in terms of creation/annihilation operators that 
act on the Fock space of the external scalar field. The result is that we see black hole micro- 
states live on the boundary and correspond to the possible modes of emission of the black hole, 
similar to the situation in standard black body radiation. 
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